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Structure of coherent vortices generated by the inverse cascade of 2d turbulence in a
finite box
I.V.Kolokolov and V.V.Lebedev
Landau Institute for Theoretical Physics, RAS,
142432, Chernogolovka, Moscow region, Russia
We discuss structure and geometrical characteristics of coherent vortices appearing as a result of
the inverse cascade in the two-dimensional (2d) turbulence in a finite box. We demonstrate that the
universal velocity profile, established in [1], corresponds to the passive regime of flow fluctuations.
We find the vortex core radius and the vortex size and argue that an amount of the vortices generated
in the box depends on the system parameters.
I. INTRODUCTION
A role of the counteraction of turbulence fluctuations
with a mean (coherent) flow is one of the central prob-
lems of turbulence theory [2]. Usually the fluid energy
is transferred from the large-scale flow to turbulent pul-
sations [3]. However, in some cases the energy can go
from small-scale fluctuations to the large-scale ones that
can lead to formation of a mean flow [4]. Even basic
problems such as to determine at which mean velocity
turbulent fluctuations are sustained is still object of in-
tense investigations [5]. There is still no consistent theory
for the mean (coherent) profile coexisting with turbulent
fluctuations, so that even the celebrated logarithmic law
for the turbulent boundary layer is a subject of contro-
versy [6]. Here, we consider 2d turbulence in a restricted
box where large-scale coherent structures are generated
from small-scale fluctuations excited by pumping. This
process occurs because in 2d the non-linear interaction
favors the energy transfer to larger scales [7–9].
Already, the first experiments on 2d turbulence [10]
have shown that in a finite system with small bottom fric-
tion, the energy transfer to large scales leads to the for-
mation of coherent vortices. Numerical simulations [11–
13] also show appearing coherent vortices in 2d turbu-
lence. Subsequent numerical simulations [14] and exper-
iments [15] demonstrated that these vortices have well-
defined and reproducible mean velocity (vorticity) pro-
files. This profile is quite isotropic with a power-law ra-
dial decay of vorticity inside the vortex. The profile in
that region depends neither on the boundary conditions
(no-slip in experiments, periodic in numerics) nor on the
type of forcing (random in numerics versus parametric
excitation or electromagnetic force in experiments). The
same profile is formed both in the statistically station-
ary case where the mean flow level is stabilized by the
bottom friction and in the case where the average flow is
still not stabilized and increases as time runs.
In the paper [1] results of intensive simulations of 2d
turbulence were reported, they demonstrated that the
vortex polar velocity profile is flat in some interval of
distances from the vortex center. That means that the
average vorticity is inversely proportional to the distance
r from the vortex center. In the same paper theoreti-
cal scheme based on conservation laws and on symmetry
arguments was proposed that explains the flat velocity
profile. The scheme predicts the value of the polar veloc-
ity U =
√
3ǫ/α (where ǫ is the energy production rate
and α is the bottom friction coefficient), that is in ex-
cellent agreement with the numerics [1]. However, in the
numerics the region of existence of the flat profile is defi-
nitely restricted. In addition, in early simulations [11–13]
no flat velocity profile was observed. The facts needs an
explanation.
That is why we performed a detailed analytical inves-
tigation of the problem of 2d turbulence in a finite box.
As a result, we established that the flat velocity profile
corresponds to the passive regime of the flow fluctuations
where their self-interaction can be neglected. The pas-
sive regime admits consistent analytical calculations that
confirm validity of the value U =
√
3ǫ/α for the polar
velocity. Besides, we found expressions for the viscous
core radius of the vortex and for the border of the region
where the flat velocity profile is realized. The results ex-
plain why no flat velocity profile was observed in early
simulations [11–13] and imply that at some conditions a
large number of coherent vortices could appear instead
of a few vortices in numerics [1, 14] and experiment [15].
II. GENERAL RELATIONS
We consider the case where 2d turbulence is excited in
a finite box of size L by external forcing. It is assumed
to be random with homogeneous in time and space sta-
tistical properties. We assume also that the properties
are isotropic. The main object of our investigation is the
stationary (in the statistical sense) turbulent state that
is caused by such forcing.
For exciting turbulence the forcing should be stronger
than dissipation that is caused both by bottom friction
and viscosity. That implies that the characteristic veloc-
ity gradient of the fluctuations produced by the forcing
should be much larger than their damping at the pump-
ing scale. The velocity gradient is estimated as ǫ1/3k
2/3
f ,
where ǫ is the energy production rate per unit mass and
kf is the characteristic wave vector of the pumping force.
Thus we arrive at the inequalities
ǫ1/3k
2/3
f ≫ α, γ, (1)
2where α is the bottom friction coefficient, and γ is the
viscous damping rate at the pumping scale k−1f , γ = νk
2
f
(ν is the kinematic viscosity coefficient). In simulations,
hyperviscosity is often used. In the case the inequalities
(1) are still obligatory for exciting turbulence, where γ
is the hyperviscous damping rate at the pumping scale
k−1f .
If the inequalities (1) are satisfied then turbulence is
excited and pulsations of different scales are formed due
to non-linear interaction of the flow fluctuations. The
energy produced by the forcing at the scale k−1f flows to
larger scales whereas the enstrophy produced by the forc-
ing at the same scale flows to smaller scales [7–9]. Thus
two cascades are formed: the energy cascade (inverse cas-
cade) realized at scales larger than the forcing scale k−1f
and the enstrophy cascade realized at scales smaller than
the forcing scale k−1f . In an unbound system the energy
cascade is terminated by the bottom friction at the scale
Lα = ǫ
1/2α−3/2, (2)
where a balance between the energy flux ǫ and the bottom
friction is achieved. The enstrophy cascade is terminated
by viscosity (or hyperviscosity) [4].
If the box size L is larger than Lα then the above two-
cascade picture is realized. We consider the opposite case
L < Lα. Then the energy, transferred to the box size L
by the inverse cascade, is accumulated there giving rise
to a mean (coherent) flow. As numerics and experiment
show, the coherent flow contains some vortices separated
by a hyperbolic flow. The characteristic velocity of the
coherent motion can be estimated as ∼
√
ǫ/α. The esti-
mate is a simple consequence of the energy balance: the
incoming energy rate ǫ has to be compensated by the
bottom friction rate. The characteristic mean vorticity
in the hyperbolic region is estimated as Ω ∼ L−1
√
ǫ/α.
However, inside the coherent vortices the mean vorticity
Ω is much higher.
Due to the energy accumulation at the box size the
average flow appears to be much stronger than the flow
fluctuations. Therefore in the main approximation one
can neglect fluctuations, dissipation (bottom friction and
viscosity) and pumping to obtain
V ∇Ω = 0, (3)
where V is the mean velocity and Ω = curl V . The
equation is valid (in the main approximation) both inside
the vortices and in the hyperbolic region.
III. COHERENT VORTEX
Here we examine the flow inside the coherent vortices.
The average flow inside the vortex is highly isotropic
(in the reference frame attached to the vortex center)
[1, 14, 15]. Such flow can be characterized by the polar
velocity U dependent on the distance r from the vortex
center. Then the average vorticity is Ω = ∂rU + U/r.
Obviously, such isotropic flow satisfies the equation (3).
Therefore, to obtain an equation for U , one has to use
the complete Navier-Stokes equation. Assuming that the
average pumping force is zero one obtains after averaging
αU = −
(
∂r +
2
r
)
〈uv〉+ ν
(
∂2r +
1
r
∂r − 1
r2
)
U, (4)
where v and u are radial and polar components of the
velocity fluctuations and angular brackets mean time av-
eraging. Therefore, to find the r-dependence of U one
has to establish statistics of the flow fluctuations.
To analyze the fluctuations, it is convenient to use the
equation for the fluctuating vorticity ̟
∂t̟+(U/r)∂ϕ̟+v∂rΩ+∇ (v̟ − 〈v̟〉) = φ−Γˆ̟. (5)
Here ϕ is polar angle, φ is curl of the pumping force, v is
fluctuating velocity, and the operator Γˆ presents dissipa-
tion including both the bottom friction and the viscosity
term, Γˆ = α−ν∇2. For the case of hyperviscosity the last
contribution to Γˆ should be modified, it is substituted by
(−1)p+1νp(∇2)p.
Note that in our reference system, attached to the vor-
tex center, the fluctuating velocity v contains a homoge-
neous contribution caused by the velocity of the vortex
center. The contribution produces no additional vortic-
ity. That is why we can utilize the equation (5) for ana-
lyzing the flow fluctuations.
The left-hand side of the equation (5) changes its sign
under the combined transformation
t→ −t, ̟ → ̟, ϕ→ −ϕ, r → r, v → −v, u→ u. (6)
Statistical properties of the pumping φ are assumed to
be isotropic, invariant under φ → −φ, and are invariant
under t→ −t. That is why in the case Γˆ = 0 correlation
functions of the velocity fluctuations have to be invari-
ant under the transformation (6). Therefore the average
〈uv〉 or the average 〈̟v〉 should be zero, since the aver-
ages change its sign at the transformation (6). However,
in the case Γˆ = 0 the system is inhomogeneous in time.
To ensure the homogeneity, one should take a finite Γˆ,
that makes the averages non-zero. They remain finite in
the limit Γˆ → 0, it is a manifestation of the dissipation
anomaly well known in turbulence. One of the manifesta-
tion of the anomaly is the so-called d’Alembert’s paradox.
A. Universal interval
There is the viscous core in the center of the coherent
vortex. Being interested in the region outside the core,
we neglect the viscous term in the equation (4), staying
with
αU = −
(
∂r +
2
r
)
〈uv〉 = −〈v̟〉. (7)
The last relation in Eq. (7) can be checked using the
isotropy (ϕ-independence) of the averages. As it follows
3from Eq. (7), the main goal of our calculations is the
average 〈uv〉 or the average 〈v̟〉.
Further we consider the region outside the vortex core
where the coherent velocity gradient is large enough,
U/r≫ ǫ1/3k2/3f . (8)
In this case fluctuations in the interval of scales between
the pumping scale k−1f and the radius r are strongly sup-
pressed by the coherent flow. The inequality (8) means
that the average velocity gradient U/r is larger than the
gradient of the velocity fluctuations in the interval of
scales. Therefore the passive regime is realized there,
that is the self-interaction of the velocity fluctuations is
negligible.
Moreover, then the passive regime is realized for scales
smaller than the pumping scale k−1f . Indeed, in the di-
rect cascade the velocity gradients can be estimated as
ǫ1/3k
2/3
f , upto logarithmic factors weakly dependent on
scale, see [16–18]. Therefore the inequality (8) means
dominating coherent velocity gradient in the interval of
scales where the direct cascade would realize.
The passive regime can be consistently analyzed. Di-
rect calculations (see Appendix) show that
〈uv〉 = ǫ/Σ, (9)
where Σ is the local shear rate of the coherent flow
Σ = r∂r (U/r) = ∂rU − U/r. (10)
The expression (9) is derived at the condition Σ≫ γ, α,
that is guaranteed by the inequalities (1,8). Substituting
the expression (9) into Eq. (7) one finds a solution
U =
√
3ǫ/α, Σ = −U/r, (11)
for the mean profile. Thus we arrive at the flat profile of
the polar velocity found in Ref. [1].
The expression (9) is in accordance with our expecta-
tion based on symmetry reasoning. Indeed, in the ab-
sence of dissipation the average 〈uv〉 is zero due to sym-
metry of the system under the transformation (6). As
we demonstrate in Appendix, the bottom friction cannot
produce non-zero 〈uv〉. Therefore its value is related to
viscosity (hyperviscosity) and should, therefore, be de-
termined by short scales where the viscosity (hypervis-
cosity) becomes relevant and kills the flow fluctuations.
(It is explicitly demonstrated in Appendix.) That is why
Σ is present in the denominator of the expression (9)
since just Σ determines the dissipation rate at the vis-
cous scale.
The left-hand side of the inequality (8) diminishes as
r grows. Therefore it is broken at some r ∼ Ru. Substi-
tuting the expression (11) into Eq. (8) one obtains
Ru = L
1/3
α k
−2/3
f = ǫ
1/6α−1/2k
−2/3
f . (12)
Note that Ru can be larger or smaller than the box size
L, depending on the system parameters. The case Ru >
L is, probably, characteristic of the numerics [14] and
the experiments [15], then the passive regime is realized
everywhere in the box. In contrast, in numerics [1] the
universal region is relatively small, Ru < L, and is well
separated from the outer region, that is not completely
passive.
B. Viscous core
The universal profile (11) implies neglecting viscosity
in the equation for the average velocity. Since the av-
erage velocity (11) is independent of the separation, the
mean velocity gradient increases as r diminishes. In the
situation the viscosity comes into game being responsible
for forming the vortex core. To find the core radius Rc
one can use the equation for the average polar velocity
(4). Comparing the left-hand side in Eq. (4) and the
viscous term, one finds an estimation for the core radius
Rc ∼ (ν/α)1/2. (13)
At r ≪ Rc the viscosity dominates and therefore U ∝ r,
that corresponds to a solid rotation.
The estimate (13) can be obviously generalized for
the case of hyperviscosity. Taking the dissipation op-
erator in the form Γˆ = (−1)p+1νp(∇2)p, one obtains
Rc ∼ (νp/α)1/(2p), instead of Eq. (13). If p = 1, we
return to Eq. (13).
The universal profile (11) is realized in the interval of
distances Rc ≪ r≪ Ru. The interval does exist if Rc ≪
Ru. The inequality is equivalent to inequality (1) for γ =
νk2f , that is ǫ
1/3k
2/3
f ≫ νk2f . The inequality means that
the characteristic velocity gradient at the pumping scale
is much larger than the viscous damping there. By other
words, the inequality Rc ≪ r ≪ Ru is equivalent to one
enabling the direct cascade in the traditional two-cascade
picture. The above arguments are directly generalized for
the case of superviscosity.
Note that a derivation of the expression (9) implies the
inequality kfr ≫ 1 justifying the shear approximation for
the average velocity. Substituting here r = Rc we find
νk2f ≫ α. More generally, the inequality γ ≫ α has to
be valid, that is implied in our analysis. (The inequality
γ ≫ α is satisfied in numerics [1].) In the opposite case
α≫ γ the shear approximation is destroyed at r ∼ k−1f ,
that has to be the lower border of the profile (11). At
r smaller than k−1f the mean velocity diminishes as r
decreases.
The structure of the coherent vortices in the case of
zero bottom friction, α = 0, was established in [19]. In
this case just the viscosity determines the structure.
C. Outer Region
Let us consider the region outside the interval with the
universal flat profile (11), that is the case r > Ru. We
4refer to the region as the outer one, it does exist if Ru <
L. One expects that the averagemotion remains isotropic
there. In the outer region Σ ≪ ǫ1/3k2/3f . Therefore the
passive regime is substituted here by a mixed one. In the
interval of scales from k−1f to ǫ
1/2/Σ3/2 the traditional
inverse cascade is realized whereas at larger scales the
coherent motion modifies the inverse cascade essentially.
The direct (enstrophy) cascade is weakly influenced by
the coherent flow in the outer region.
The symmetry (6) leads us to the conclusion that the
average 〈uv〉 is formed at the scales where the viscos-
ity (hyperviscosity) comes into game. The property is
in detail demonstrated for the passive regime where con-
sistent calculations can be done (see Appendix). In the
outer region such consistent calculations cannot be done.
Therefore one should base on symmetry reasoning. Thus,
we expect that the average 〈uv〉 is determined by the
expression like (9) where the denominator is no other
than the characteristic dissipation rate at the viscous
(hyperviscous) scale. Based on this, one would expect
the expression 〈uv〉 ∼ ǫ/(ǫ1/3k2/3f ) since ǫ1/3k2/3f is just
the characteristic dissipation rate in the direct cascade.
(Again, to avoid a misunderstanding, note that in above
reasoning we ignored a weak logarithmic dependence of
the vorticity correlation functions in the direct cascade,
see [16–18].)
However, for the traditional direct cascade 〈uv〉 = 0
because of isotropy of the cascade. Therefore the main
contribution to 〈uv〉, estimated as ǫ/(ǫ1/3k2/3f ), is absent.
The isotropy is weakly broken by the presence of the
coherent flow, its influence can be characterized by the
dimensionless parameter Σ/(ǫ1/3k
2/3
f ). One expects that
the main contribution to the average 〈uv〉 is linear in Σ.
Adding the factor Σ/(ǫ1/3k
2/3
f ) to the above estimate, we
find
〈uv〉 ∼ ǫ
1/3Σ
k
4/3
f
. (14)
Of course, at r ∼ Ru the expression (14) turns to the
expression (9).
Substituting the expression (14) into Eq. (7), one ob-
tains
αU ∼ − ǫ
1/3
k
4/3
f
(
∂r +
2
r
)(
r∂r
U
r
)
. (15)
The expression implies a fast (exponential) decay of U
at r > Ru on a length ∼ Ru. Thus, Ru can be treated
as the coherent vortex size, where the mean vorticity is
much larger than its typical value L−1
√
ǫ/α.
One can think about the case Ru ≪ L. Then, as we
demonstrate further, a lot of vortices should appear, sep-
arated by the distance ∼ Ru. Therefore even in the case
Ru ≪ L there is no region outside Ru where the mean
flow profile is, rigorously, isotropic. Thus the considera-
tion of this subsection is mainly qualitative. Neverthe-
less, the conclusion about fast attenuation of Ω at r > Ru
at the scale ∼ Ru remains correct. Note that at Ru ≪ L
the mean vorticity at the border of the universal region,
ǫ1/2α−1/2R−1u , is still much larger than the typical mean
vorticity in the hyperbolic region, ǫ1/2α−1/2L−1. There-
fore a layer of the order Ru where the vorticity diminishes
from ǫ1/2α−1/2R−1u to ǫ
1/2α−1/2L−1, does exist.
IV. HYPERBOLIC REGION
One can generalize the symmetry reasoning formulated
in Section III to the case of the hyperbolic region. For
the purpose we introduce the curvilinear reference sys-
tem related to the Lagrangian trajectories of the mean
velocity V . In the reference system the mean velocity
has the only component U (along the Lagrangian trajec-
tories). Let us also introduce components of the fluctu-
ating velocity, u and v, longitudinal and transverse to
the Lagrangian trajectories. Clearly, inside the coher-
ent vortices the quantities pass to the ones introduced
previously.
In terms of the introduced variables, the Euler equa-
tion is invariant under the transformation
t→ −t, ̟ → ̟, Ω→ Ω, U, u→ U, u v → −v. (16)
In addition, one should change sign of the coordinate
along the Lagrangian trajectories. Clearly, the transfor-
mation (16) is a direct generalization of the transforma-
tion (6) (relevant for the interior of the coherent vortices).
An invariance of the Euler equation and of the pump-
ing statistics under the transformation (16) means that
the average 〈vu〉 or 〈v̟〉 is formed at the dissipation
scale. Therefore we can use the same estimate (14) for
the average 〈uv〉 for the hyperbolic region as well. Sub-
stituting there Σ ∼ L−1
√
ǫ/α, one obtains
〈v̟〉 ∼ √ǫα R
2
u
L2
, (17)
where we exploited the fact that the characteristic scale
of the coherent flow is L.
Now we examine an equation for the coherent flow that
can be obtained by averaging the Navier-Stokes equa-
tion. In the principal approximation the mean velocity V
should satisfy the equation (3). We designate its solution
as V0. Due to the dissipation terms and the nonlinear
term related to the flow fluctuations there is a correction
V1 to the velocity V0 that satisfies the following equation
αΩ0 + (V0∇)Ω1 + (V1∇)Ω0 +∇〈v̟〉 = 0. (18)
Here we omitted the dissipation term (that is irrelevant
outside the vortex cores) and taken into account that the
average force (exciting the turbulence) is equal to zero.
Multiplying the equation (18) by Ω0 and integrating
the result over the whole box one finds
α
∫
dS Ω20 −
∫
dS ∇Ω0〈v̟〉 = 0. (19)
5Here we utilized the equation (3), V0∇Ω0 = 0, the in-
compressibility condition and the boundary conditions.
The relation (19) is correct both for the periodic setup
and for the case of a box with zero velocity at the bound-
aries. It is a manifestation of the existence of a zero mode
of the equation (3), that can be obtained by multiplying
Ω0 (or V0) by a constant. As it follows from Eq. (3),
∇Ω0 is perpendicular to V0. Therefore one can rewrite
the equation (19) as
α
∫
dS Ω20 =
∫
dS |∇Ω0|〈v̟〉. (20)
It is satisfied in the main approximation in the fluctua-
tions weakness.
Now we can substitute into the relation (20) the esti-
mates Ω0 ∼ L−1
√
ǫ/α and |∇Ω0| ∼ L−2
√
ǫ/α. Then we
conclude that the relation cannot be satisfied if Ru ≪ L.
Therefore we expect that in the case Ru ≪ L a number
of the coherent vortices should appear in the box sepa-
rated by a distance ∼ Ru. That is the only possibility,
that we see, to overcome the discrepancy associated with
the relation (20) and the estimate (17).
V. CONCLUSION
We investigated analytically the coherent flow gener-
ated by the inverse cascade in a restricted box that con-
sists of a number of vortices and a hyperbolic flow be-
tween them. The mean velocity can be estimated as√
ǫ/α (where ǫ is the energy production rate and α is
the bottom friction coefficient) everywhere. Besides, the
mean vorticity inside the vortices is much larger than in
the hyperbolic region, that can be estimated as
√
ǫ/α/L.
The flow inside the vortices is complicated. It can be di-
vided into some regions: the viscous core, the universal
interval and the outer region. In the universal interval
the velocity fluctuations are passive and the polar mean
velocity of the flow is characterized by the flat profile
U =
√
3ǫ/α.
We established the values of the viscous core radius Rc
(13) and of the vortex size Ru (12). Subsequent analy-
sis shows that the coherent vortex vorticity diminishes
fast in the outer region r > Ru, the characteristic length
of this decay is ∼ Ru. Our analysis of the outer vor-
tex region r > Ru is based on symmetry reasoning. The
reasoning are confirmed by consistent calculations per-
formed for the passive regime realized at r < Ru. A
relation between the box size L and the vortex radius
Ru can be arbitrary. The case Ru > L is realized in
the numerics [14] and experiments [15], then the vortex
is not clearly separated from the hyperbolic region. In
this case the passive regime is realized everywhere. In
contrast, in numerics [1] the universal region is relatively
small, Ru < L, and is well separated from the hyperbolic
region, where the fluctuations are not completely passive.
In numerics [1, 14], dealing with the periodic setup,
two coherent vortices were observed, in experiments [15]
a few vortices were observed as well. In this case the
hyperbolic coherent motion is characterized by a scale
determined by the box size L. Then vortices are placed
in the stagnation points of the hyperbolic flow (upto fluc-
tuations). However, in the the limit Ru ≪ L we expect
appearing a lot of vortices with complicated hyperbolic
flow between them, see Section IV. Most probably they
will arrange as a lattice. A natural space structure for
the lattice is a chessboard. (Similar lattice was observed
in [12].) However, other possibilities (say, the hexagonal
or the honeycomb structure) are not excluded.
We formulated conditions at which the coherent vor-
tices with the universal profile (11) appear in 2d turbu-
lence in a finite box. One of the conditions is that the
viscous (hyperviscous) dissipation at the pumping scale
k−1f should be much weaker than the characteristic ve-
locity gradient ǫ1/3k
2/3
f . This condition was violated in
early simulations [11–13] (to extend the interval for the
inverse cascade). If ǫ1/3k
2/3
f is of the order of the viscous
damping at the pumping scale then Ru ∼ Rc and the
universal interval is absent. That is why the universal
profile (11) was not observed in the works.
Note also that the inverse energy cascade is observed
for surface solenoidal turbulence excited by waves caused
by Faraday instability [20, 21]. It would be interesting to
extend our analysis to this case. It is a subject of future
investigations.
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Appendix A: Passive regime
Here we investigate the passive regime of flow fluctua-
tions on the background of the coherent isotropic vortex
characterized by the average polar velocity U(r). In this
case consistent calculations can be done. As we already
noted in main body, the passiveness implies the inequal-
ity (8) that guarantees weakness of the interaction of the
flow fluctuations at all scales. Neglecting the non-linear
terms (responsible for the interaction) in the equation
(5) one obtains the linear equation for the fluctuating
vorticity
∂t̟ + (U/r)∂ϕ̟ + v∂rΩ = φ− Γˆ̟. (A1)
The equation (A1) describes dynamics of the flow fluctu-
ations on the background of the average (coherent) flow.
The dissipation in Eq. (A1) (the last term in the equa-
tion) is caused both by the bottom friction and the viscos-
ity (or, in a numerics, by the hyperviscosity). Therefore
in Fourier representation the operator Γˆ can be written
6as
Γ(k) = α+ γ(k/kf)
2p, (A2)
where k is a wave vector and kf is the characteristic wave
vector of the pumping force. For the viscosity p = 1, for
the hyperviscosity p > 1. Due to the inequalities (1,8)
the inequality Σ≫ α, γ is satisfied, where Σ is the local
shear rate of the coherent flow defined by Eq. (10).
Below we assume the inequality kfr ≫ 1. As we ex-
plained in the main body, in whole region of the existence
of the universal profile (11), Rc < r < Ru, the condition
kfr ≫ 1 is guaranteed by the inequality α ≪ γ. The
smallness of the pumping scale k−1f in comparison with
the radius r enables one to pass to the shear approx-
imation for the vorticity fluctuations that is correct in
the leading order in (kfr)
−1. The effective shear rate is
determined by Eq. (10).
Let us consider the fluctuation dynamics near a circle
of the radius r0. Passing to the reference system rotating
with the angular velocity Ω0 (corresponding to the radius
r0), one finds from Eq. (A1) in the leading order
∂t̟ +Σx1
∂̟
∂x2
+ Γˆ̟ = φ, (A3)
where Σ is taken at r = r0, x1 = r − r0 is the radial
coordinate, and x2 = r0ϕ is the angular coordinate. The
equation (A3) describes the passive evolution of the flow
fluctuations in the shear flow with the shear rate Σ.
The equation (A3) leads to homogeneous statistical
properties of the flow fluctuations in the space (x1, x2).
That is why it is worth to make Fourier-transform over
x1 and x2. Rewriting the evolution equation (A3) for
the spatial Fourier component of the vorticity ̟k, one
obtains
∂t̟k − Σk2∂̟k/∂k1 + Γ(k)̟k = φk. (A4)
A formal solution of the equation (A4) is written as
̟k(t) =
∫ t
dτ φ[τ, k1 + (t− τ)Σk2, k2] (A5)
× exp

−
t∫
τ
dτ ′Γ
(√
[k1 + (t− τ ′)Σk2]2 + k22
)
 ,
where the integral is taken over the time interval where
the pumping is switched on.
Further we assume that the pumping is short corre-
lated in time. Then it is characterized by the pair corre-
lation function that can be written as
〈φk(t)φq(t′)〉 = 2(2π)2ǫδ(k + q)δ(t− t′)k2χ(k), (A6)
in the Fourier representation. The function χ(k) is con-
centrated in a vicinity of kf , it has to be normalized as
∫
d2k
(2π)2
χ(k) = 1, (A7)
to provide the energy pumping rate ǫ. We also assume
isotropy of pumping, that is the function χ(k) depends
solely on k, that is the absolute value of k.
One directly finds from the expressions (A5,A6) the
simultaneous pair correlation function of the vorticity
〈̟k(t)̟q(t)〉 = 2(2π)2ǫδ(k + q)
×
T∫
0
dτ
[
(k1 +Στk2)
2 + k22
]2
χ (k1 +Στk2, k2) (A8)
× exp

−2
τ∫
0
dτ ′ Γ
(√
[k1 +Στ ′k2]
2
+ k22
)
 .
where T is a duration of the period before t when the
pumping was switched on. In the stationary case one
should take the limit T → ∞. We are interested just in
this stationary case.
Using the relation vk = iǫαβ(kβ/k
2)̟k we can cal-
culate correlation functions of the velocity fluctuations
in the Fourier representation. Making then the inverse
Fourier transform, we find the velocity correlation func-
tion. Below, we concentrate on the single-point correla-
tion function 〈uv〉, that is written as
〈uv〉 = −2ǫ
∫ T
0
dτ
∫
d2k
(2π)2
k1k2
(k21 + k
2
2)
2
[
(k1 +Στk2)
2
+ k22
]2
χ (k1 +Στk2, k2)
× exp

−2
τ∫
0
dτ ′ Γ
(√
[k1 +Στ ′k2]
2 + k22
)
 . (A9)
Further we pass to the variable q = (k1 +Στk2, k2).
We first consider the case Γ(k) = 0. Then the passive
equation (A1) is invariant under the transformation (6)
as well as the complete equation (5). That is why the
integral
− 2ǫ
T∫
0
dτ
∫
d2q q2χ(q)
(2π)2
(q1 − Στq2)q2
[(q1 − Στq2)2 + q22 ]2
, (A10)
determining 〈uv〉 at Γ = 0, is zero at any finite T . Indeed,
the average 〈uv〉 changes its sign at the transformation
(6) and should be equal to zero at Γ = 0. Introducing a
finite Γ brakes the symmetry and makes the average 〈uv〉
non-zero.
Further we analyze the stationary case (implying Γ 6=
0), then we take the limit T →∞. Passing to the variable
q = (k1 + Στk2, k2) and taking an integral in part one
finds from Eq. (A9)
〈uv〉 ≡ 〈v1v2〉 = ǫ
Σ
(1−Q), (A11)
7where Q is defined as
Q = 2
∞∫
0
dτ
∫
d2q q2χ(q)
(2π)2
Γ
(√
(q1 − Στq2)2 + q22
)
(q1 − Στq2)2 + q22
× exp

−2
τ∫
0
dτ ′ Γ
(√
(q1 − Στ ′q2)2 + q22
) . (A12)
The expression is a starting point of the subsequent anal-
ysis.
It is instructive to consider the case Γ = α, that is
γ = 0. In this case Q = 1. It can be explicitly obtained
from the expression (A12) after integrating over the polar
angle in the q-space and using the condition (A7). Let us
stress that this property exploits isotropy of the pump-
ing statistics, that is the assumption that χ is a function
of the absolute value of q. Thus, in this case 〈uv〉 = 0.
Therefore, though the bottom friction breaks the sym-
metry under the transformation (6), it cannot produce a
nonzero value of 〈uv〉 = 0.
Now we analyze the opposite case where viscosity
(hyperviscosity) is stronger than the bottom friction at
the pumping scale k−1f , γ ≫ α. As we explained in
the main body, just this case is relevant. Then α can
be neglected in the expression (A12) and we stay with
Γ(k) = γ(k/kf)
2p.
An inspection of the expression (A12) shows that for
p > 1/2 both q1 and q2 are of order of kf . The estimate
implies that χ(q) decreases fast enough as q grows. There
is a potentially dominant contribution to the value of
Q from the region q2 ≪ kf . However, at p > 1/2 the
contribution gaining from small q2 is smaller than the
one gaining from q2 ∼ kf . If q1, q2 ∼ kf then for a
characteristic τ the inequality Στ ≫ 1 is satisfied. Then
we easily obtain the estimate
Q ∼
( γ
Σ
)2/(2p+1)
≪ 1. (A13)
Thus, we arrive at the conclusion that if viscosity (or
hyperviscosity) dominates over α at the pumping scale
k−1f then Q ≪ 1 in the passive regime. Therefore the
expression (A11) leads to the expression (9).
Note, that the characteristic time τ0 in the expression
(A9) or in the expression (A12) is determined by the
condition τ0Γ(kfΣτ0) ∼ 1, that is γτ0(Στ0)2p ∼ 1. The
relation determines the characteristic time that is needed
to enhance (by the influence of the coherent flow) the
wave vector q from the initial value ∼ kf to the value
∼ τ0Σkf . The enhancement is caused by the deformation
of the flow fluctuations (produced by pumping) in the
coherent shear flow. At τ ∼ τ0 the dissipation comes into
game and kills the flow fluctuations. We conclude that
the main contribution to the average 〈uv〉 is determined
by small scales (large wave vectors) where dissipation
is relevant. This conclusion is in accordance with our
symmetry arguments based on the transformation (6).
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